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ABSTRACT 
This paper aims at deriving actuarial modelling of equilibrium condition in life and pension 
mathematics under the framework of integral transform. The specific objective is to establish net 
actuarial balance representing the difference between the present values of contributions and 
benefit outgo of the defined benefit scheme. This is the equilibrium position such the plan sponsor 
cannot borrow to pay plan members at the point of retirement. Our investigation confirms that the 
present value of benefit outgo payable by the trustees equals the present value of total contribution 
of the plan sponsor so that the equilibrium point is reached under the framework of integral 
transform. 
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1. BACKGROUND INFORMATION  
Integral equations evolve in diverse subfield of 
actuarial mathematics and numerous applications in 
life insurance and pension valuation, life contingency 
mathematics, ruin probabilities, game theory, 
stochastic optimal control problems in pensions and 
mathematics of finance especially in the 
determination of actuarial present value at 
equilibrium position [1]. Equilibrium is the level at 
which the present value of benefit outgo exactly 
match the present value of contribution. At this point 
these two present values have the same integral 
transforms.  In other words, it is a zero of an integral 
transform which does not vary with time. [1] argues 
further that all exact closed-form zeros of integral 
equations play powerful role in deep understanding 
of quantitative characteristics of equilibrium and 
processes in many areas of actuarial science. Integral 
equations as they evolve in mathematics of pensions 
consist of functions which are derivable from both 
mathematical analysis and actuarial experiments and 
are not strictly fixed. It is necessary to choose and 
examine the structure of these equations so to find 
an easy method of analysis and solution. The exact 
solutions will be used to confirm the validity, 
consistency and estimate errors of some numerical 
and asymptotic methods. The problem of funding a 
defined benefit scheme is that of estimating the initial 
and subsequent rates of contribution at a level 
mutually, collectively agreed and affordable to both 
the plan sponsor and plan members but at the same 
time plough back the accumulated reserve to the 
projected investment needs [2]. When a defined 
benefit plan is set up by the trustees based on the 
advice of a pension actuary, the major problem which 
the trustees need to track down include the method 
of financing the scheme and the determination of the 
rate of contribution. According to [3], funding is the 
method by which financial resources are raised to 
meet the expenses on the plan without differentiating 
plan sponsor and plan members. In this way, it 
defines a systematic way of raising the adequate cash 
necessary to meet the financial obligations of a 
defined benefit. It is a chosen method of financing 
long term pensions of defined benefit scheme 
structure. Such methods usually differ in the timing 
of contribution payments for the purpose of financing 
present and future pension obligations. 
The funding system is functionally dependent on and 
is governed by both the amount and timing of the 
plan sponsor contributions to the plan. In [4], it was 
argued that the funding policy for a defined benefit 
scheme would then result in a set of algorithm 
applied in computing the annual rate of contributions 
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which the plan sponsor will pay within a particular 
year. The contribution rate comprise of the aggregate 
financial resources allocated to the defined benefits 
plan by either the sponsor or the insured plan 
members. For a defined benefit plan funding policy, 
the aggregate contribution requirement is equivalent 
to the normal cost of providing accrued benefits for 
plan members in service over the year including the 
amortization payment schedule of the implicit 
pension debt representing an unfunded actuarial 
liability for that year. In other words the employer’s 
contribution is the sum of normal cost plus 
amortization less employee contributions. A funding 
policy is not meant to change significantly on a yearly 
basis but rather should address the means and period 
of time through which investment expenses are paid. 
Since the actuarial cost method such as projected 
unit method (PUC) technically allocates the subsisting 
total present value of future benefits over the current 
plan members’ working careers, the funding policy 
would then describe the numerical calculation of 
actuarial accrued liabilities together with the present 
value of future normal costs. [3] argues that in order 
to address the problem of disequilibrium, the funding 
policy together with actuarial cost methods should 
deal appropriately with cases where there are 
insufficient assets to fund retirees’ liabilities. It is the 
funding policy which actually determines the 
appropriate asset smoothing methods applied to 
recognize profit and loss in pension assets over the 
time whether it should be open or closed and 
deviation of the funding value from the market value 
of asset. 
 
2. DEFINED BENEFITS SCHEME UNDER 
INSURED ENVIRONMENT  
Following [5], the actuarial measurement of both 
public and occupational pension liabilities and 
contribution requirements is very sensitive to 
actuarial assumptions which are usually considered 
when addressing the financial position of any pension 
system. The trend of the sensitivity of liability and 
contribution valuations to actuarial demographic and 
economic statistics and methods is dependent on the 
actuarial data profile of pension participants. 
According to [3], prospective reserve is the excess of 
the expected discounted future contribution at a 
point in time expressed as the policy value over 
expected discounted future benefits outgo. A policy 
value must be established as an integral part of 
defined benefits system. A defined benefit scheme 
and its derivatives may be obtained by choice vides 
life assurance contracts purchased on the lives of 
plan members. Contributions are paid by plan 
sponsor to the life office and the benefits accruing 
from the life assurance contracts are paid by the 
insurer through the trustees to the qualified 
beneficiaries at separation. In order to compute the 
actual contribution payable to the life office, actuarial 
valuation is required so that the actuarial liabilities 
(AL) which represents a fraction of the present value 
of actuarial liability (PVAL) can form a proportion of 
the life office technical provisions. This arrangement 
is employed when a defined benefits pension scheme 
is set up. The defined benefit plan is not usually set 
up on a fully allocated basis where mobile retirement 
savings accounts (MRSA) is assigned to every 
member of the plan. The provision of group life 
assurance cover could be applied to finance defined 
benefit scheme in the event where defined benefit 
plan is allowed on non-allocated financing. In a 
defined benefit plan contract, the retirement benefits 
are usually promised ahead of retirement to fall in line 
with a predetermined pay out equation defined by the 
actuary for the life offices or the trustees and 
contributions are calculated to maintain the fund in 
equilibrium. However, for a defined contribution 
plans such as insured deposit administration scheme, 
contribution rate as percentage of salary are defined 
initially and the benefits rely on the investment 
returns on the funds. The financial, volatility and 
investment risk characterizing defined benefit 
contract relatively differs from that of defined 
contributions. The benefits accrued are defined in 
clear terms by observing that the working population 
contributions is the endogenous variable while the 
contributors all face the risk. A clear edge of defined 
benefit plans from the plan members’ sense of 
judgment is the stability of replacement rates (the 
ratio of the amount of the pension benefit to the 
amount of the insurable earnings) of income that the 
plans generate. The insurance against both annual 
income earnings and benefit risk that workers obtain 
is a pointer that the plan sponsor assumes the total 
risks. Larger employment work force plan sponsor 
can diversify real wage risk unlike scheme members 
hence the stable replacement rate is an advantage of 
defined benefit scheme. 
In a defined benefit scheme, the fund manager 
completely assumes the risk of poor investment 
portfolio and wrongly selected portfolio mix. The 
major challenge is how to determine the actual rate 
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of contribution including the minimum funding level 
which bears a functional relationship to the actual 
accrued liability in a way that may guarantee the 
promised benefits. The contract is set up and 
managed with the contributions and earnings on 
investments. The solvency and contribution rate risks 
are twin paramount risks relating to investment of the 
assets which must be squarely addressed to ensure 
the stability and security of the scheme. Defined 
benefit plans are better seen as schemes where the 
member’s pension benefit is obtained by an equation 
taking cognizance of the numbers of service years. 
Following [6], the argument for defined benefit 
pension systems lies in the fact that it has both the 
intra-generational and inter-generational risk sharing 
structure because the investment return on the 
system’s structure is acutely low as a result of the 
accumulation of unfunded liabilities. The implication 
is that the infinitesimally low returns could not be 
attributable to its defined benefit nature. In essence 
the task to deal with is the latent underfunding but 
not the structure of the system. To solve this 
problem, some legislation have been passed to either 
review downwards the benefits which retirees are 
entitled to receive at separation or increasing the 
retirement age. The policy of upward review of the 
normal retirement age has a very pervasive impact 
on health and health insurance structure and may in 
fact result in longevity risk. The underfunding 
problem of defined benefit system is a very critical 
issue addressed by some reforms providing 
motivation as a leeway for individual to save against 
the future through mobile retirement savings account 
of defined contribution system. Many defined benefit 
plans and derivatives can be combined with a form of 
social security insurance scheme to which a member 
is entitled to have integrated structure. The defined 
benefit plan can be analyzed from the deterministic 
or stochastic dimensions. A valuation process will be 
deterministic if its functional value can be pre-
determined 
In this paper, a simple continuous time deterministic 
model for the reserve of a defined benefit pension 
fund is discussed, with the intent to establishing a 
financial equilibrium condition. To start with, the 
following conditions are assumed on defined benefits. 
(i)Salaries grow every year in accordance with the 
rate of wage escalation e
r
 
(ii) At the beginning of the year (t, t +1)a new entrant 
is enlisted into the scheme at entry age e, with a 
wage income at age y denoted by y
w
. 
(iii) The members remain in the scheme till the 
normal retirement age R and mortality prior age R is 
assumed to be infinitesimally small approaching zero. 
i.e. 
,0)( R
 where ω is the limit of life in the life 
table. 
(iv) At retirement age R, a member may retire and 
then receives retirement benefits equivalent to a 
proportion of the final salary for each of the years in 
service as a scheme member and usually paid every 
year in advance till death. This type of pension 
structure is usually secured provided the scheme 
member will purchase life annuity contract after 
retirement from a life office where the benefits 
obligation can be converted to life annuity fund so as 
to obtain insurance cover for his pension. As a fall-
out from purchasing life annuity, the original pension 
fund manager bears no financial responsibility to 
disburse further payments to the scheme member as 
payments automatically cease upon converting to 
annuity.  
 
2.1. The Wage Income Model   
In view of [7], insurance of defined benefit schemes 
are typically long term contract where a life office 
accepts risk from the insured by receiving the 
contributions and then paying benefit at separation. 
Under defined benefit final salary insured schemes, 
retirement benefit income is set at par to a proportion 
of the final salary to avoid income shocks at 
retirement age, this calculation is probably 
reasonable to prevent retirement income from 
suffering from any shocks just before retirement age. 
This is obtainable by approximating and equating 
retirement income to be a fraction of mean wage 
income over the last few years in particular the three 
to five years preceding retirement age. Some 
assumptions are usually formulated about the 
variables of interest otherwise known as demographic 
and economic statistics. Life insurance contracts of 
which defined benefit scheme is a branch, depend on 
death or survival of the insured life (x) and also on 
these economic and demographic statistics because 
the contributions or premiums are usually invested to 
receive earnings so as to meet future benefits 
obligations. The valuation of a defined benefits 
scheme in force at a time t, is required to establish 
the solvency of the fund. 
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 tyw   =the wage income at age y in further time 
t 
  
 tr
 = the rate of return on pension fund, which is 
defined as the annual pension benefits received as a 
share of total lifetime working income 
 tr
=  contribution rate  
xt p  = probability that a life aged x survives 
employment to age (x+t),  
R= retirement age 
e  = entry age 
   = limit of life 
We assume that the functions txtty
cpw  and  , are 
continuous and differentiable.  
The total monthly payroll for gratuity is given by 
Rye
m
dywLEr
R
e
yy
t
e

 
,
)()1(
 
where e, r denote the entry age, retirement age and 
m is the 12 months calendar year respectively. 
Following [7], Let Wy be the promotional wage of an 
employee at age y and let 
)(twy  be the pensionable 
wage function at a further time t.  
Then y
t
ey
rt
y wrwetw
e 

)1()(
)1ln(
 where 
er  is the rate of wage escalation. 
Therefore, 
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The rate of change in wage with respect to time is 
Wy
′(t) = ln(1 + re) ∗ Wy ∗  e
tln (1+re) 
If the gratuity is set up at initial time, then t = 0, and 
the initial change in wage is independent of time as 
Wy
′(0)  =  ln(1 + re) ∗ Wy but 
yyey wwrw 
0)1ln()0(
,  so that  
  
)1ln()0()0( eyy rww   
)1ln()0(ln)1ln(
)0(
)0(
eye
y
y
rwdr
w
w


 
Then 
 )0()(
)1ln(
y
rt
y wetw
e 

 
The number of active member within the ages y and 
y)(y 
 is 
ylyE[L(y)] y  where L(y) is 
binomially distributed and the random variable y
l
 is 
the number of active members who survive 
employment to age y. 
The mean number of active members who survive 
employment to age 𝑦 𝑖𝑠 𝑙𝑜 ×𝑡 𝑝0 
00 ply y where y 
is the random life time.  
Total employee age related wage = 
.E[L(y)] yw  
Escalated total employee age related wage = 
y
1)1(E[L(y)] wre  
The total gratuity employee wage for computation for 
all ages = 
dywr te y
R
e
)1([L(y)]E   
dywlrt
R
e
y
t
e
A
y
R
ey
yS )1()(wE  
 , where e and R 
are the entry and retirement ages respectively and 
A
SE is the total escalated wage for all ages. Usually 
A
SE  represents annual total wage hence for 
computational purposes it must be divided by 12, 
hence,  
,
)1(
)]([
)1(E
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S dywl
m
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dywyLE
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r
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where e and R are the entry and retirement ages 
respectively, m is the number of months in a year 
used to determine monthly salary. 
,(y)S
)1(E
yY0
S dywl
m
r
m
R
e
t
e
A



where 
(y)SY  is the 
survival function of employment. 
Depending on the funding policy, the accrued liability 
at time t corresponds to the target amount of liability 
at a specific point in time. The targeted liability 
represents the actuarial present value of future 
benefits based on employees’ service period rendered 
up to the measurement date using the selected 
actuarial cost method. We must determine the 
actuarial liability at time t which is then compared 
with the value of the assets. Secondly, we must 
estimate and recommend a contribution rate and 
establish the equilibrium condition. When the agreed 
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wage level at the beginning of the plan set up is 
defined as a monetary unit, then the level of wages 
at time t would be of the form 
tree  so that a unit 
defined benefit value would correspondingly grow to 
tree  in t years. 
 
3. INTEGRAL EQUATION AND ITS 
RELATIONSHIP TO EQUILIBRIUM 
CONDITION FOR A LIFE AGED y 
The problem of equilibrium determination could be 
dealt with analytically. Given the infinite nature of the 
problem a solution exists and can be obtained by 
integral transform. We define a kernel function K(y, 
t) mathematically as 
Let 
RbabaK  ],[],[:
 be continuous and that a, 
b are real constants. 
RKV : such that 
ttfttWtCttvtv  )()()()()( 
 
dttVtyKyhyV
b
a
)(),()()(   is defined as 
Fredholm integral equation, where λ is real. 
The expression 
),( tyK
 in the equation above is the 
kernel of the integral equation. The kernel will be 
symmetric if 
),(),( ytKtyK 
, for all x, t ∈[a, b].  
If  
RdcbaK  ],[],[:
is continuous, then by 
Fubini’s theorem, the double integrals below exactly 
coincide, that is 
dydttyKdydttyK
d
c
b
a
b
a
d
c     ),(),( for real 
constants a, b, c and d 
The value of the λ at which the homogeneous 
Fredholm equation has an identically non-zero 
solution 
)(yvv 
 on in the interval [a, b] is the 
characteristic value of that equation and such a non-
zero solution 
)(yvv 
 is the eigen-function 
corresponding to λ. 
Two important foundational continuous functions 
used in the mathematical analysis of a defined benefit 
scheme are the insured salary function W(t) and the 
benefit function f(t). Both functions of time t are 
assumed to be continuous and differentiable. The 
total benefit expenditure f(. ) and the total insured 
salary W(. )in the time interval (t, t +  ∆t) is obtained 
as B(t)∆t and w(t)∆t 
Let f(t) be the defined benefit function 
∆t be a small time interval 
w(t) be the salary function 
In [3, 7], if C(t) is the contribution rate function. It is 
sufficient that C(t) >  0, otherwise the trustees may 
be reimbursing contributions.  
v(t) be the reserve function constituting the excess 
of inflow over outflow and  accumulated at force of 
interest ∂. We assume C(t) >  0 otherwise the 
trustees may be borrowing to pay benefit and enter 
ruin. 
 
4. FUNDING OF DEFINED BENEFIT SCHEME 
THE CONTINUOUS FORCE OF INTEREST 
The actuarial requirements of both public and 
occupational pensions have drawn significant 
attention of pension actuaries and pension managers 
recently especially in the areas of reforms. Much 
attention focus on how would actuarial assumptions 
and methods affect the accuracy of pension liabilities 
and the adequacy of sponsor funding practices. 
National Association of State Retirement 
Administrators [8] was of the opinion that public 
pensions should continually use discount rates which 
will reflect investment performance returns while [9, 
10] were of divergent opinions to choose actuarial 
discount rates which fall in line with the certainty of 
future benefit payments rubrics.  
Following Macdonald [11], Let 
),( 31 ttA  be the 
accumulation factor at time 13
tt 
 and 
),( 31 ttv  be 
the corresponding discount factor 
),(
1
),(
31
31
ttA
ttv 
 
Since interest is compound, 
321322131 for  ),(),(),( tttttAttAttA   
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)],0([
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dt
tdA
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When  )( 1t then 
ej  )1(
 
The scheme will be fully funded if the objective is to 
raise reserves equal to the total amount of accrued 
liabilities. Valuation inputs such as discount, salary 
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escalation rates, cost methods and life mortality 
tables all have effect on funding ratios and 
contribution level. The effect must be deeply 
addressed so that bias will not be introduced to the 
relative comparison of funding ratios of pension 
structures. The economic and demographic statistics 
is a major determinant factor on the level of funding 
ratios and contribution computations. It is noted that 
a pension scheme can adjust upwards the required 
contributions by increasing the discount rate 
assumption while the funding condition sharply drops 
in the end. However, when the system decreases its 
discount rate while still maintaining investment 
returns at a steady state threshold which was hitherto 
assumed, it will definitely take a fairly long time 
before the funding ratio will return to its initial level 
and the annual required contribution may 
correspondingly take a longer time to return to its 
actual level but the exact time length interval 
depends on the investment returns. 
∆v(t)   =  V(t)δ∆t +  C(t)W(t)∆t –  f(t)∆t   
o(1)t As 
where 
o(1)
 is any function tending to 
zero, we have 
f(t)dt.-C(t)W(t)dtdtv(t)dv(t)  
 
The change in the reserve in any small interval is 
equal to the addition of investment return on the 
reserve in the interval and excess of contribution over 
benefit in the same time interval. 
f(t)-C(t)W(t)V(t)
dV(t)
 
dt  
  f(t)-C(t)W(t)V(t)tV  
 
  f(t)-C(t)W(t)0V,0V(0) 
 
The integrating factor is: 
I(t) =  e∫ p(t)dt  =  e− ∫ δdt = e−δt 
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Integrating between intervals bta   
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The limits of integration a and b are real usually and 
a = 0, b = ∞ or a = –∞, b = ∞ 
for life (y), the integral is of the form 
dttvtyKyf
b
a )(),()(v(y)      (1) 
v(t)
 is not usually known but  
),( tyK
 is a known 
function 
and substituting y =  b in 
v(y)
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a
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be  and )()()(),( tftwtCtbK  implies that 
the kernel function is symmetric. The kernel is also 
degenerate since it has the form 
)(1)()(),( tftwtCtyK 
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 Substituting, a in 
v(a)f(b) abe  
, we have 
v(a)f(a) 
 and we can re-write the equation  
 dttvtbKf
b
a )(),((b)v(b)  in the form  
 dttvtbKf
b
a )(),((a)v(b)   
For a defined befit scheme, the reserve at the time 
the scheme was set up is assumed zero and so the 
lim
a→0
V(a) = 0 
  dttetwtedttetwtef b
a
tb
tb
b
a
tbtb
 


 

 )f()()(C)f()()(C(b)v(b)
)((
)(


  dttetwtedttetwtef b
a
tb
tb
b
a
tbtb
 


 

 )f()()(C)f()()(C(b)v(b)
)((
)(


 
Using the linear transformation tb , then 
dtd   and baτ  and  b2τ  , we have 
    dbebwbe
b
ba 
 
2
)f()()(Cv(b)
is of the form 
∫ [e−δτC(τ − b)W(τ − b)
d
c
dτ − ∫ e−δτf(τ − b)]
2b
a+b
dτ.   
V(b)
eδb
  =   ∫ [e−δtC(t)W(t)– e−δtf(t)]
b
a
dt and taking a = 
0. Since a defined benefit scheme has a long term 
liability, we evaluate V(b) at infinity. The term eδb 
represents the maximum reduction factor in reserve 
to establish the actuarial equilibrium position. 
lim
b→∞
V(b)
eδb
=  ∫ [e−δtC(t)W(t) – e−δtf(t)]
∞
0
dt       
 (2) 
lim
b→∞
V(b)
eδb
= 0  
∫ [e−δtC(t)W(t) – e−δtf(t)]
∞
0
dt = 0  
This implies that the net actuarial balance 
representing the difference between the present 
values of contributions and benefit outgo of the 
defined benefit scheme should be zero. Technically 
speaking actuarial balance is computed relative to an 
income rate as a ratio of contribution income to 
insurable earnings and a cost rate representing the 
ratio of total expenditure to insurable earnings [13]. 
The actuarial balance is then defined by comparing 
the income rate with the expenditure cost rate over 
a specified period [14]. Thus we have 
 ∫ e−δtC(t)W(t)
∞
0
dt = ∫ e−δtf(t)
∞
0
dt  
The expected discounted continuation value of 
contribution is same as the present value of future 
benefit outgo [15]. In real sense the actuarial reserve 
functions are stochastic in nature. 
Let 1B be a indicator random variable of an event B. 
1B = 1 if B occurs and 1B = 0, if otherwise  
and by definition  
E(1B) = 1 × P(B) + 0 × P(B) = P(B) 
Having defined the indicator function for ease of 
understanding, then in the actuarial sense and 
following the introduction of this indicator function, it 
is sufficient as the next step to take the expectation 
of the indicator function 1{T(y)≥t} which equals the 
probability that a life aged y will survival to age (y +
t), i.e Py =
Pr(Y>y+t)
Pr(Y>y)
=
ST(t+y)
ST(y)
 where  ly = l0SY(y) 
ST(t+y)
ST(y)
=  
exp[− ∫ ⍺(u)du
y+t
0 ]
exp[− ∫ ⍺(u)du
y
0 ]
= exp [− ∫ Ψ(u)du
y+t
y
] , 
Ψ(u) is the force of mortality  
Let T(y) be the future lifetime function. T(y) = Y −
y|Y > y =Pr(T(y) > t) = Pr(Y = y + t|Y > y) 
E[∫ e−δtC(t)W(t)
∞
0
dt] =
  E[∫ e−δtC(t)W(t)1{T(y)≥t}
∞
0
dt] =
 ∫ e−δtC(t)W(t)E{1{T(y)≥t}}
∞
0
dt  if t >
T(y), the indicator function equals zero  
E ∫ e−δtC(t)W(t)
∞
0
dt =  ∫ e−δtC(t)W(t)Pr (T(y) ≥
∞
0
t) dt   
E ∫ e−δtC(t)W(t)
∞
0
dt =  ∫ e−δtC(t)W(t)
∞
0
Pyt dt   
 where Pr (T(y) ≥ t) =  Pyt    
E ∫ e−δtC(t)W(t)
∞
0
dt =  ∫ e−δtC(t)W(t)ST(t)
∞
0
dt  
E ∫ e−δtC(t)W(t)
∞
0
dt =  ∫ e−δtC(t)W(t)
SY(y+t)
SY(y)
∞
0
dt   
E ∫ e−δtC(t)W(t)SY(y)
∞
0
dt =  ∫ e−δtC(t)W(t)SY(y +
∞
0
t) dt   
Defining C(t)W(t) =  α(t) 
E ∫ e−δtα(t)SY(y)
∞
0
dt =  ∫ α(t)e−δt
∞
0
SY(y + t)dt ,  
Following same argument, 
E ∫ e−δtf(t)
∞
0
dt =  ∫ f(t)e−δt
∞
0
Pyt dt  ,  
E ∫ e−δtf(t)SY(y)
∞
0
dt =  ∫ f(t)e−δt
∞
0
SY(y + t)dt  and  
∫ f(t)e−δt
∞
0
SY(y + t)dt =   ∫ α(t)e
−δt∞
0
SY(y + t)dt  or 
∫ f(t)e−δt
∞
0
Pyt 𝑑𝑡 =
 ∫ α(t)e−δt
∞
0
Pyt dt                     𝐸𝑄𝑈𝐼𝐿𝐼𝐵𝑅𝐼𝑈𝑀 𝐶𝑂𝑁𝐷𝐼𝑇𝐼𝑂𝑁
. 
This is the equilibrium position and the plan sponsor 
cannot borrow to pay plan members at retirement. In 
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[3], [16] the present value of benefit outgo payable 
by the trustees equals the present value of total 
contribution of the plan sponsor so that the 
equilibrium point is reached. From the equilibrium 
position, 
∫ [C(t)W(t)–  f(t)] SY(y + t)e
−δt∞
0
dt  =  
∫ [C(t)W(t)–  f(t)]SY(y + t)e
−δtb
0
dt  +  
∫ [C(t)W(t)–  f(t)] SY(y + t)e
−δt∞
b
dt but from, 
∫ [C(t)W(t)–  f(t)] e−δtSY(y + t)
∞
0
dt  = 0 
∫ [C(t)W(t)–  f(t)] SY(y + t)e
−δtb
0
dt  +  
∫ [C(t)W(t) –  f(t)]SY(y + t) e
−δt∞
b
dt  = 0 
− ∫ [C(t)W(t)–  f(t)]SY(y + t) e
−δtb
0
dt  = 
∫ [C(t)W(t)–  f(t)]SY(y + t) e
−δt∞
b
dt  
∫ [C(t)W(t)–  f(t)] e−δtSY(y + t)
0
b
dt  =   
∫ [C(t)W(t)–  f(t)] e−δt
∞
b
SY(y + t)dt 
V(b)  =   ∫ [e−δ(b+t)C(t)W(t)– e−δ(b+t)f(t)]
∞
b
dt  
V(b)
eδb
=   ∫ [e−δtC(t)W(t)– e−δtf(t)] 
b
a
dt =
  ∫ [e−δtC(t)W(t)– e−δtf(t)] 
∞
b
dt. The excess of 
contributions over the benefit outgo over the interval 
0 ≤  t ≤  b is the same as the excess of contributions 
over the benefit outgo over the interval b ≤  t ≤  ∞  
hence  V(b)  =  ∫ [e−δ(b+t)C(t)W(t) – e−δ(b+t)f(t)]
∞
b
dt 
represents prospective reserve  
putting a =  0 in V(b)  =
 ∫ [e−δ(b+t)C(t)W(t)– e−δ(b+t)f(t)]
b
a
dt so that 
V(b)  =  ∫ [e−δ(b+t)C(t)W(t)– e−δ(b+t)f(t)] 
b
0
dt 
represents retrospective reserve 
For a new defined benefit scheme just set up, V(t) =
0 for all integrally whole t 
V(b)  =  ∫ [e−δτC(τ − b)W(τ − b) – e−δτf(τ −
2b
a+b
b)] dτ, so that V(a) = 0, makes the integral equation  
homogeneous.    
∫ [e−δτC(τ − b)W(τ − b) – e−δτf(τ − b)]
2b
a+b
dτ = 0  
Since both a, b are real constant, the integral can be 
of the form  
∫ [e−δτC(τ − b)W(τ − b) – e−δτf(τ − b)]
d
c
dτ = 0  
e−δτC(τ − b)W(τ − b)– e−δτf(τ − b) = 0  
e−δτC(τ − b)W(τ − b) =   e−δτf(τ − b). The level 
contribution rate is 
C(τ − b) =   
e−δτf(τ−b)
e−δτW(τ−b)
   and the total rate of 
contribution in the interval 0 ≤ τ ≤  b is 
Contribution rate (at time b)  =  
∫ [e−δτf(τ−b)]
b
0 dτ
∫ [e−δτW(τ−b)]
b
0 dτ
               𝑅𝐸𝑄𝑈𝐼𝑅𝐸𝐷 𝐶𝑂𝑁𝑇𝑅𝐼𝐵𝑈𝑇𝐼𝑂𝑁 𝑅𝐴𝑇𝐸 
Usually, the rate of contribution is computed for a 
year interval k ≤  τ ≤  k + 1, so that    
Contribution rate (at time k+1) =  
∫ [e−δτf(τ−b)]
k+1
k dτ
∫ [e−δτW(τ−b)]
k+1
k dτ
 
will be the yearly rate. In practice, assets cannot 
accumulate at δ, hence the present value integral at 
equilibrium can only be evaluated in discrete case.     
 
5. EQUILIBRIUM POSITION OF LIFE 
INSURANCE USING THIELE’S FIRST ORDER 
ORDINARY DIFFERENTIAL EQUATION 
We assume a level premium π and we ignore all 
expenses 
dV(t)   =  V(t)δdt +   πdt –  μ(t)(1–  V(t)dt    
dV(t)
dt
  =   [δ +  μ(t)]V(t)   +  π –  μ(t)  
dV(t)
dt
e− ∫[δ + μ(t)]dt  – [δ +  μ(t)]V(t)e− ∫[δ + μ(t)]dt    =
  e− ∫[δ + μ(t)]dt [π –  μ(t)]  
dV(t)
dt
e−[δt− loge lt]  – [δ +  μ(t)]V(t)e−[δt− loge lt]    =
  e−[δt− loge lt][π –  μ(t)]  
d[V(t)e−[δt− loge lt]] 
dt
=   e−[δt− loge lt][π –  μ(t)]   
∫
d
dt
 [ V(t)e−[δt− loge lt]] 
t=b
t=a
dt =
 ∫ e−[δt− loge lt][π –  μ(t)]
b
a
dt  
e−[δt− loge lt] V(t) |
t = b
t = a
=   ∫ e−[δt− loge lt][π –  μ(t)]
b
a
dt    
 e−[δb− loge lb] V(b)  −  e−[δa− loge la] V(a)  =
 ∫ e−[δt− loge lt][π –  μ(t)]
b
a
dt  
V(b)   =   eδb −δa + loge la − loge lb] V(a)  +
  e[δb− loge lb] ∫ e−δt + loge lt[π –  μ(t)]
b
a
dt  
V(b)   =   e
δb −δa + loge  [
la
lb
] 
 V(a)  +
 ∫ e
δb−δt+ loge[
lt
lb
]
[π –  μ(t)]
b
a
dt  
V(b)   =   e
loge  [
la
lb
]
eδb −δa  V(a)   +
 ∫ eδb−δt[π –  μ(t)]e
loge[
lt
lb
]b
a
dt  
V(b)   =   [
la
lb
] eδb −δa  V(a)   + ∫ eδb−δt[π –  μ(t)] [
lt
lb
]
b
a
dt  
lbV(b)   =   lae
δb −δa  V(a)   +
 eδb ∫ e−δt[πlt –  μ(t)lt]
b
a
dt  
This is the total reserve for all members aged b.  
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For a life (y) the integral is of the form V(y)  =  f(y)  +
 λ ∫ K(y, t)V(t)
b
a
dt  
and substituting  y  =  b in V(y)   
V(b)  =  f(b)  +  λ ∫ K(b, t)V(t)
b
a
dt  
V(b)  =   [
la
lb
] eδb −δa  V(a)   +  ∫ eδb−δt[π –  μ(t)] [
lt
lb
]
b
a
dt  
f(b)  =  [
la
lb
] eδb −δa  V(a), λ =  eδb  and  K(y, t)   =
   [π –  μ(t)] [
lt
lb
]  , V(t)  =  e−δt  
lim
a→0
V(a) = 0  
lbV(b)
eδb
  =   lae
 −δa  V(a)   +  ∫ e−δt[πlt –  μ(t)lt]
b
a
dt    
and taking limit as b → ∞, that is  
evaluating ltV(t) at maximum terminal age and 
setting a = 0 
lim
b→∞
lbV(b)
eδb
  =   lae
 −δa  V(a)  +
 ∫ e−δt[πlt –  μ(t)lt]
(ω−y)
0
dt  
= lim
b→∞
{lae
 −δa  V(a)   + ∫ e−δt[πlt –  μ(t)lt]
∞
0
dt} =
lae
 −δa  V(a)   +  ∫ e−δt[πlt –  μ(t)lt]
∞
0
dt 
lim
b→∞
lbV(b)
eδb
= 0  
∫ e−δt[πlt –  μ(t)lt]
∞
0
dt = 0  
π ∫ e−δtlt
∞
0
dt  =  ∫ e−δtμ(t)lt
∞
0
dt  =   l0 A0̅̅ ̅  
π  =   
∫ e−δtμ(t)lt
∞
0 dt
∫ e−δtlt
∞
0 dt
 =   
l0 A0̅̅ ̅̅
∫ e−δtlt
∞
0 dt
  =   
 A0̅̅ ̅̅
∫ e−δt pt 0
∞
0 dt
  =
  
 A0̅̅ ̅̅
a0̅̅̅̅
                   𝑅𝐸𝑄𝑈𝐼𝑅𝐸𝐷 𝐿𝐸𝑉𝐸𝐿 𝑃𝑅𝐸𝑀𝐼𝑈𝑀  
This is the premium rate on the life policy payable by 
the insured  
The end result of the   is the premium rate on the 
life policy payable by the insured  
 
6. CONCLUSION 
The equilibrium position acts as a financial indicator 
of whether benefits will be defaulted. If the life fund 
is at equilibrium position, then an income shock at 
retirement age is avoided. In this paper we have 
successfully established the actuarial equilibrium 
position through linear first order integral equation 
under both defined benefits scheme and life 
assurance scheme through Thiele’s. A further 
indicator from the reserve function and its derivatives 
as implied from the equilibrium position is the reserve 
ratio representing the ratio of the reserve to the 
annual benefit outgo and expense on the scheme, in 
other words expressing the amount of current 
reserves as a percentage of the total amount of 
actuarial liabilities of the scheme. This relative 
measure of the reserve is a rough estimate of how 
long the scheme would run in the event it does not 
receive contributions and investment earnings. The 
amount of liabilities represents the present value of 
future benefits to current pensioners and the total 
accrued rights of the insured population. Even though 
funding ratios and contribution requirements are 
related, they seem to be quite different. Whether a 
pension fund is x% funded benchmark for instance 
may not necessarily change the opinions of  life fund 
equity and bond market participants because a small 
rise ΔC in contribution rate may upset a significant 
fiscal distress. We have laid a foundation for actuarial 
exploration of pension and life fund valuation held by 
a life office on behalf of insured members. The three 
results obtained re-inforce conventional deterministic 
approach characterizing funding methods of social 
insurance scheme. 
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